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LECTURE  VI.
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of all the circles, and in particular what will be the position of the limiting points. There is no difficulty in answering these questions by purely logical reasoning; but the imagination seems to fail utterly when we try to form a mental image of the result.
Again, let a series of circles be given, each circle touching the following, while the last touches the first (Fig. 11). Every circle is now reflected upon every other just as in the preceding example, and the process is repeated indefinitely. The special case when the original points of contact happen to lie on a circle
Fig. 11.
being excluded, it can be shown analytically that the continuous curve which is the locus of all the points of contact ts not an analytic curve. The points of contact form a manifoldness that is everywhere dense on the curve (in the sense of G. Cantor), although there are intermediate points between them. At each of the former points there is a determinate tangent, while there is none at the intermediate points. Second derivatives do not exist at all. It is easy enough to imagine a strip covering all these points; but when the width of the strip is reduced beyond a certain limit, we find undulations, and it seems impossible to clearly picture to the mind the final outcome. It is to be noticed that we have here an example of a curve
